Abstract. We prove two extension theorems for positive maps from operator systems into matrix algebras
P (A, C) = {x ∈ (A ⊗ B(K)) sa : ι ⊗ α(x) ≥ 0, ∀α ∈ C}, where ι is the identity map on B(H). We say φ is C-positive ifφ is positive on P (A, C).
Main results
As mentioned above our first extension theorem is for the real version of operator systems . If A is a real linear subspace of the self-adjoint operators in B(H) containing the identity 1, we say A is a real operator system. The definition of C-positive maps still make sense for real operator systems. H and K are still finite dimensional Hilbert spaces. Theorem 1. Let A be a real operator system contained in B(H). Let φ be a C positive map of A into B(K) for a mapping cone C. Then there exists a C positive map ψ of B(H) into B(K) such that ψ(a) = φ(a) for a ∈ A.
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Proof. Let P = P (B(H), C) be defined as above. Then P (A, C) = P ∩ (A ⊗ B(K)) sa . Since φ is C-positive its dual functionalφ is positive on P ∩ (A ⊗ B(K)) sa . By [6] , Lemma 5.2.1, 1 ⊗ 1 is an interior point of P . Thus by Kreins Extension Theorem [6] , Theorem A.3.1,φ has an extension to a real linear functionalψ o on (B(H) ⊗ B(K)) sa , which is positive on P . Define a complex linear functionalψ on B(H) ⊗ B(K) bỹ
A straightforward computation shows that
Thusψ is a complex linear functional on B(H) ⊗ B(K) which is positive on P . But then there exists an operator C ∈ B(H) ⊗ B(K) such that
By [6] ,Lemmas 4.22 and 4.23 there exists a linear map
Thus ψ is C-positive, and if a ∈ A, b ∈ B(K) then
Since this holds for all b ∈ B(K), ψ(a) = φ(a) completing the proof.
We need H and K finite dimensional in order to choose the operator C in the proof. The theorem can be extended to the case when K infinite dimensional by the same proof as that of [6] , Theorem 5.2.3.
Corollary 2. Let B be a C*-subalgebra of B(H) and φ a C-positive map of B into B(K). Then φ has a C-positive extension ψ of B(H) into B(K).
Proof. Let A = B sa . By the theorem applied to A the corollary follows.
In our next theorem we use the Hahn-Banach Theorem for extendingφ toψ as above. But we have to restrict attention to the mapping cone consisting of all positive maps. The proof is simplest when we assume the map is unital. The next lemma shows that we can reduce to this case. Recall that AdV is the map a −→ V * aV . If φ is a positive map of A into B(K) let p be the range projection of φ(1). Considering Adp • φ mapping A into pB(K)p instead of φ, we may assume φ(1) is strictly positive, so invertible. is positive on A and is an extension of the functional a −→φ(a ⊗ b). Furthermore, for a ∈ B(H)
Thus f b satisfies, using that φ(1) = 1,
It follows that
. Thus by [3] , Theorem 4.3.2, f b ≥ 0 0n B(H), and so for a ≥ 0,
Thus by [6] , Lemma 4.2.2,ψ is positive on B(H) + ⊗ B(K) + . As in the proof of Theorem 1 there is a positive map ψ of B(H) intoB(K) such that
If a ∈ A and b ∈ B(K) it follows that
Hence ψ(a) = φ(a), and ψ is the desired extension of φ. The proof is complete. The above proof yields a proof of the Arvesons Extension Theorem in the finite dimensional ase, because if φ is completely positive then by [6] , Theorem 4.2.7,φ ≥ 0, hence by [3] ,Theorem 4.3.13 we can chooseψ to be positive on B(H) ⊗ B(K). Thus C ψ ≥ 0, and so ψ is completely positive by [6] , Theorem 4.1.8.
By the same techniques as in the proof of [6] , Theorem 5.3.2, we can extend the last theorem to the case when K is infinite dimensional. The case when H is infinite dimensional is more complex because we needψ to be ultraweakly continuous in order to choose C ψ as a Radon-Nikodym derivative for ψ.
